A Federal Railroad Administration sponsored research project has been ongoing to explore the use of Fractal Analysis of track geometry data for indication of track geometry roughness, maintenance planning and track substructure condition assessment. Fractal analysis provides unique numerical values (fractal dimensions) that characterize railway track geometry patterns. The fractal dimensions can be used for effective maintenance planning by providing meaningful parameters for geometry deterioration modeling, and by potentially providing information about the actual condition of the track by precise quantification of the geometry patterns. The paper will present a lucid discussion of fractal theory and will demonstrate its usefulness for quantifying railroad geometry data by highlighting key aspects of the research results. This paper also discusses the relationship between track structure conditions and fractal dimensions for use in maintenance planning and condition evaluation.
INTRODUCTION
Fractal analysis is used to characterize irregular patterns and to quantify patterns that are seemingly chaotic and random (1) . The fractal dimension of a pattern varies depending on the degree of "roughness" of the pattern, and will have a different value for each pattern type, with the fractal dimension being specific for that pattern (2) . Railway track geometry exhibits irregular and rough characteristics. Therefore, fractal analysis can be used to precisely characterize track geometry data and provide unique numerical values that can quantify geometry signatures.
This paper presents results of a study conducted to explore the use of fractal analysis of track geometry data for an indication of track geometry condition, maintenance planning and evaluation of problem cause. The paper focuses on vertical profile geometry since it is the parameter that is related to the track substructure condition.
FRACTAL ANALYSIS
Classical geometry holds that patterns are described by integer, whole-number dimensions. For example, curves are one-dimensional, surfaces are two-dimensional, and cubes are three-dimensional. However, patterns can actually occupy space between these discrete integer values, and therefore the patterns need to be described by a fraction of a dimension. For example, a one-dimensional curve that is extremely rough, so rough that it is convoluted at even high levels of magnification, can actually fill the space in which it resides, thus being two-dimensional. Fractal dimensions are those "fractional" dimensions that reside between conventional whole-number dimensions.
Fractal analysis, i.e., the process used to determine the fractal dimension, was presented by Benoit B. Mandelbrot (1, 3) to characterize those patterns within nature that are irregular, chaotic or fragmented, and cannot be effectively quantified using classical geometry of whole-number dimensions (3) . There are various techniques for determining the fractal dimension of rough patterns, including the divider, area-perimeter and box methods (1, 2, 4) , as well as the parallel-line (5), power spectral density (4, 6) and distribution methods (7) . The divider method will be discussed in this paper.
The divider method is based on the empirical studies of coastlines, and was used by Mandelbrot to quantify curves whose fractal dimensions were greater than one ( > 1.0).
The divider method is based on an equation that expresses the length of a rough line by:
where: λ = length of unit measurement, L(λ) = length of the rough line based on unit measurement length λ, n = number of steps of length λ , and D R = fractal dimension of the rough line.
To better understand Equation 1 consider the measurement of the coastline of Britain. In order to determine the length, a progression of ruler lengths, λ, is used to trace the coast, as shown on Figure 1 . The length of the coastline measured by each ruler length, designated L(λ), can be calculated by simply multiplying the number of ruler lengths, n, by the length of the ruler, i.e.,
Ultimately, the true length is measured when the length of the ruler is shorter than the smallest detail of the coastline, resulting in a perfect trace of Britain. At first glance, this method seems logical. For instance, Figure 1 .d certainly appears to "fit" the details of the coastline much more closely than Figure 1 .a. Eventually, this technique would seem to lead to the actual length. A closer look, however, indicates that the ruler length in Figure 1 .d appears to miss the details of the coastline, as apparent in Figure 1 .e. At every level of magnification, the coastline continues to present more detail. The length , L(λ), measured by a mile-long ruler, λ, would be less than the length measured by a yardstick, which would be less than the length measured by a one-inch ruler. It could be argued that the length of the coastline increases without limit as the ruler length decreases.
Empirical work with the measurement of several coastlines provided an equation that described the constant increase in measured length as the ruler length decreased:
where: L(λ) = length of the coastline with respect to ruler length λ , N = number of ruler lengths used to measure the coast, and D = an empirical constant.
Mandelbrot asserted that the exponent D in Equation 3 quantified the rate at which the length of the measured line increases with decreasing length of measuring ruler, and that this D was directly related to the particular "roughness" of the pattern being measured. Equation 3 thus became Equation 1.
To better understand how to quantify a pattern using the divider method consider a rough line that is measured using a "divider" or "ruler" of length, λ, as illustrated in Thus, the fractal dimension equals:
The fractal dimension is therefore determined from the slope of logL(λ) versus logλ plot, as shown on the bottom plot in FIGURE 2. If the arbitrarily rough line in the top plot of FIGURE 2 was smoother than that shown, the difference in consecutive measured line lengths would not be as great, and the slope of the best-fit line through the data points on the fractal log-log plot would be less. This would then result in D R being between 1.0 and 1.149.
Fractal Analysis of Railway Track Geometry Data
FIGURE 3 presents a typical profile deviation pattern and the method used to employ the divider method. The divider method algorithm shown on FIGURE 3 uses constant step lengths along the x-axis (2, 4). As the x-axis increment value approaches the minimum discrete unit size, and the length of the measured line increases, an increasingly better portrayal of the pattern emerges. 
TRACK CONDITION EVALUATION
Fractal analysis has been applied to railway track geometry data in order to examine its use for indication of track geometry condition, maintenance planning and evaluation of the cause of substructure related problems. The fractal analysis was performed on vertical profile MCO data obtained by a high-speed inertial-based geometry recording car. Mid-chord offset data reflect an unequal emphasis of different wavelengths resulting in MCO distortion by both amplification and attenuation. The vertical profile data was analyzed in MCO format under the supposition that the MCO data, like the actual vertical space curve, reflects the track substructure condition despite the amplitude distortion.
The focus of the research was on vertical profile measurement since these are the parameters most influenced by the track substructure conditions and indicative of the cause of track condition deterioration. The fractal analysis of track geometry data was performed in this study in both discrete section analysis and in a moving-window fashion.
Indication of Roughness
Rough track geometry adversely affects the performance and longevity of track components and rolling stock, and causes passenger discomfort and an increased potential for derailments. It is for these reasons that quantifiers or "indicators" of the Fractal analysis provides a means to directly compare the roughness characteristics of different lengths of track since fractal analysis provides a measurement of roughness that is independent of length. This is not to say that a subsection of a larger section will have the same fractal dimensions, but that if two patterns of different lengths have different roughness characteristics, then their fractal dimensions will be different.
Similarly, if two patterns of different length have similar patterns, their fractal dimensions will be equal. In this respect, fractal dimensions provide an "intesitive" measurement of pattern roughness, in the sense that R 2 , for example, is an "extensitive"
property, i.e., its magnitude depends on the length of the "window" used for calculation.
To illustrate this, consider FIGURE 8. The ability to directly compare different-length sections of track is useful for ranking and categorizing purposes, and is also useful for assessing "equivalent utility".
Equivalent Utility refers to the determination of the dynamic response of certain pieces of equipment on a segment of track that has the same geometry characteristics as another segment on which the equipment performed satisfactorily during testing. Two sections of track will have equivalent utility if their roughness characteristics are similar with respect to dynamic ride performance. That is, once a particular piece of equipment (e.g., a new high-speed train-set) has qualified to run at a certain speed over a certain piece of track with a particular roughness condition, it can then be certified to run on other sections of like-roughness track without making a complete series of qualifying runs. Sections of track with "like-roughness" with respect to train dynamics are said to have "equivalent utility".
Planning
By quantifying track geometry data with fractal analysis and developing the trends of fractal parameters over time, predictions can be made regarding the future condition of the track. Maintenance and/or remedial measures, including allocation of capital resources, can then be planned based on these predictions. Also, comparing fractal dimensions of geometry data for different sections of track can be used to rank the track sections for maintenance prioritization. The functional condition of railway track, i.e. the loaded position of the rails, depends on both the unloaded profile and the elastic deflection of the track under load, and is directly indicated by the geometry data obtained by track geometry recording cars.
The elastic deflection component of the geometry measurement is related to the structural behavior of railway track. The structural behavior of railway track is defined by the strength and stiffness properties of the track superstructure (rail, fasteners, ties) and substructure (ballast, subballast, subgrade), as well as the dynamic load that the train traffic imparts to the track.
To use geometry data to evaluate the structural condition of the track an understanding is required of the complex interrelationship between the load imparted by the track geometry car, the actual geometry car measurement (top of rail response), and the structural behavior of the track. Understanding the contributions of the many variables is difficult, to say the least. However, a new field of science called Chaos Theory describes a new way to examine such a complex system.
Chaos theory is based on the concept that complex systems actually have a fundamentally simple structure or behavior and that the system can be understood by studying the "dynamical" behavior of the system. The key to the science of chaos is its ability to account for every detail involved. Rather than dismantle a system into its fundamental elements, the chaos perspective observes the behavior of the system as a whole (9).
The approach taken in this study to examine the potential for fractal analysis of geometry data to evaluate track substructure condition relies on the fundamental assumption of chaos theory that a complex system can be understood by studying its "dynamical" behavior. Therefore, the approach taken in this study uses fractal analysis to characterize the complex pattern of geometry data, which are a function of a complex interrelationship, to gain insight into the structural condition of the track. This project has begun to explore the application of fractal analysis of geometry car data for substructure condition assessment. This is being done by performing empirical studies to see if a correlation exists between the patterns that appear in the geometry car measurements and the condition of the substructure.
A relatively common substructure problem is excessively fouled ballast. Ballast with a large amount of fouling material will lose the ability to support the track and will tend to deform more under repeated loading. track. This result suggests that D R2 reflects the condition of the track components (i.e., the ties, rails and fasteners).
CONCLUSIONS
The following are major conclusions derived from the study thus far:
A. Fractal analysis is a good indicator of the roughness of the geometry data and is able to provide unique numerical values that characterize railway track geometry patterns.
B. Fractal dimensions vary depending upon the degree of pattern roughness within the track geometry, and can discern different orders (scales) of roughness within track geometry data.
C. Fractal analysis is effective for comparing geometry between sections of track with different lengths since it provides numerical quantifiers that are independent of the length of the pattern being analyzed.
D. Fractal analysis has been shown to be effective for maintenance planning by providing parameters directly related to geometry roughness that can be used for trend analysis (degradation modeling).
E. Although the study of relationships between fractal parameters and track Field verification is essential to confirm or deny these preliminary findings. 
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